Introduction and main results {#Sec1}
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Later on, Miao *et al.* \[[@CR2]\] proved the central limit theorem and the almost sure central limit for $\documentclass[12pt]{minimal}
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Theorem B {#FPar2}
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In this paper, we will make a further study on the limit properties of $\documentclass[12pt]{minimal}
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In the following, C denotes a positive constant, which may take different values whenever it appears in different expressions. $\documentclass[12pt]{minimal}
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Main results and proofs {#Sec2}
=======================

Density functions and moments of $\documentclass[12pt]{minimal}
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The first theorem gives the expression of the density functions.

### Theorem 2.1 {#FPar3}
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The next theorem treats the moments of $\documentclass[12pt]{minimal}
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### Theorem 2.2 {#FPar5}
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### Remark 2.3 {#FPar7}
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### Proof {#FPar10}
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By the same argument as in the proof of ([2.4](#Equ4){ref-type=""}), we can get ([2.5](#Equ5){ref-type=""}), so we omit it here. □

### Remark 2.6 {#FPar11}
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### Theorem 2.8 {#FPar13}

CLT
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By Theorem 3.3 from Giné *et al.* \[[@CR6]\], we can obtain the CLT for $\documentclass[12pt]{minimal}
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### Theorem 2.9 {#FPar15}

LIL
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### Theorem 2.10 {#FPar17}

MDP
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### Proof {#FPar18}

By Theorem 3.1 from Shao \[[@CR8]\], we can prove the MDP for $\documentclass[12pt]{minimal}
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### Theorem 2.11 {#FPar19}

ASCLT

*Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq\alpha<1/2$\end{document}$ *and set* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d_{k}=\exp\{(\log k)^{\alpha}\}/k$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D_{n}=\sum_{k=1}^{n} d_{k}$\end{document}$. *Then*, *for fixed sample size* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m_{n}=m$\end{document}$ *and any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in R$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{k\to\infty}\frac{1}{D_{k}}\sum_{N=1}^{k}d_{N}I \biggl\{ \frac{S_{N}}{V_{N}}\leq x\biggr\} =\Phi(x) \quad \textit{a.s.}, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi(\cdot)$\end{document}$ *is the distribution function of the standard normal random variable*.

### Proof {#FPar20}

By Corollary 1 from Zhang \[[@CR9]\], we know ASCLT for $\documentclass[12pt]{minimal}
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### Remark 2.12 {#FPar21}
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                \begin{document}$\eta_{N}/{V_{N}}\stackrel{\mathrm{{p}}}{\rightarrow}1$\end{document}$, then by the Slutsky lemma and Theorem [2.8](#FPar13){ref-type="sec"}, we can get Theorem 2.1 from Miao *et al.* \[[@CR2]\].
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